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Abstract
For the general functional differential equation
u(n)(t)+ F(u)(t) = 0,
where F : C(R+; R)→ L loc(R+; R) is a continuous operator, the sufficient conditions in order to have Property A (Property B)
are established. As a particular case, we consider the ordinary differential equation with a deviating argument
u(n)(t)+ p(t)u(σ (t))µ(t) sign u(σ (t)) = 0, (0.1)
where p ∈ L loc(R+; R), σ ∈ C(R+; R+), µ ∈ C(R+; (0,+∞)) and limt→+∞ σ(t) = +∞. Eq. (0.1) is called almost linear if
limt→+∞ µ(t) = 1. For Eq. (0.1), the sufficient conditions are obtained for the solutions to be oscillatory. These criteria cover the
well-known results for the linear differential equation (µ(t) ≡ 1).
c⃝ 2016 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
We study oscillatory properties of solutions of a functional differential equation
u(n)(t)+ F(u)(t) = 0, (1.1)
where F : C(R+; R) → L loc(R+; R) is a continuous mapping. Let τ ∈ C(R+; R+), limt→+∞ τ(t) = +∞. We
denote by V (τ ) the set of continuous mappings F satisfying the following condition: F(x)(t) = F(y)(t) holds for
any t ∈ R+ and x, y ∈ C(R+; R) provided x(s) = y(s) for s ≥ τ(t). For any t0 ∈ R+, we denote by Ht0,τ the set
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of all functions u ∈ C(R+; R) satisfying u(t) ≠ 0 for t ≥ t∗, where t∗ = min{t0, τ∗(t0)}, τ∗(t) = inf{τ(s) : s ≥ t}.
Throughout the work, whenever the notations V (τ ) and Ht0,τ occur, it will be understood, unless otherwise specified,
that the function τ satisfies the conditions stated above.
It will always be assumed that either the condition
F(u)(t) u(t) ≥ 0 for t ≥ t0, u ∈ Ht0,τ , (1.2)
or the condition
F(u)(t) u(t) ≤ 0 for t ≥ t0, u ∈ Ht0,τ (1.3)
is fulfilled.
A function u : [t0,+∞) → R is said to be a proper solution of Eq. (1.1), if it is locally absolutely continuous
along with its derivatives up to the order n − 1 inclusive, sup{|u(s)| : s ∈ [t,+∞)} > 0 for t ≥ t0 and there exists a
function u ∈ C(R+; R) such that u(t) ≡ u(t) on [t0,+∞) and the equality
u (n)(t)+ F(u)(t) = 0
holds for t ∈ [t0,+∞). A proper solution u : [t0,+∞)→ R of Eq. (1.1) is said to be oscillatory if it has a sequence
of zeros tending to +∞. Otherwise, the solution u is said to be nonoscillatory.
Definition 1.1. We say that Eq. (1.1) has Property A if any of its proper solutions is oscillatory, when n is even, and
is either oscillatory or satisfiesu(i)(t) ↓ 0 as t ↑ +∞ (i = 0, . . . , n − 1), (1.4)
when n is odd.
Definition 1.2. We say that Eq. (1.1) has Property B if any of its proper solutions is either oscillatory or satisfies either
(1.4) oru(i)(t) ↑ +∞ as t ↑ +∞ (i = 0, . . . , n − 1), (1.5)
when n is even, and is either oscillatory or satisfies (1.5), when n is odd.
A. Kneser was the first who showed that the condition
lim inf
t→+∞ t
n/2 p(t) > 0
is sufficient for the equation
u(n)(t)+ p(t) u(t) = 0 (1.6)
to have Property A [1]. This result was essentially generalized by Kondratev [2]. His method was based on a
comparison theorem which enables one to obtain optimal results for establishing oscillatory properties of solutions of
Eq. (1.6). The following comparison theorem was proved. If the inequality
p(t) ≥ q(t) ≥ 0 for t ≥ 0
holds and the equation
u(n)(t)+ q(t) u(t) = 0 (1.7)
has Property A, then Eq. (1.6) has also Property A.
T. Chanturia [3] showed that in the case of Property B, if
p(t) ≤ q(t) ≤ 0 for t ∈ R+
and Eq. (1.7) has Property B, then Eq. (1.6) has also Property B.
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This comparison theorem implies that if p(t) ≥ 0 (p(t) ≤ 0) and
lim inf
t→+∞ t
n
p(t) > Mn (M∗n ), (1.8)
then Eq. (1.6) has Property A (B), where
Mn = max
−λ(λ− 1) · · · (λ− n + 1) : λ ∈ [0, n − 1]
M∗n = max

λ(λ− 1) · · · (λ− n + 1) : λ ∈ [0, n − 1]. (1.9)
It should be noted that inequality (1.8) cannot be replaced by a constrict one.
The sufficient integral conditions for Eq. (1.6) to have Property A or Property B were given in [4–6]. Later, T.
Chanturia [7] proved the integral comparison theorems which are integral generalizations of the above-mentioned
comparison theorems. Using these theorems, he succeeded in improving condition (1.8). Namely, he showed that if
p(t) ≥ 0 (p(t) ≤ 0) and the inequality
lim inf
t→+∞ t
 +∞
t
sn−2 p(s)ds > Mn

lim inf
t→+∞ t
2
 +∞
t
sn−3
p(s)ds > M∗n
2

is fulfilled, then Eq. (1.6) has Property A (B), where Mn (M∗n ) is given by (1.9). R. Koplatadze [8,9] proved two types
of integral comparison theorems for differential equations with deviating arguments. The theorem of the first type
enables one not only to generalize the above-mentioned results for equations with deviated arguments, but also to
improve Chanturia’s result concerning Property B even in the case of Eq. (1.6).
The ordinary differential equation with deviating argument
u(n)(t)+ p(t)u(σ (t))µ(t) sign u(σ (t)) = 0 (1.10)
is a particular case of Eq. (1.1), where p ∈ L loc(R+; R), σ ∈ C(R+; R), µ ∈ C(R+; (0,+∞)) and limt→+∞ σ(t) =
+∞. In case limt→+∞ µ(t) = 1, we call the differential equation (1.10) almost linear, while if lim inft→+∞ µ(t) ≠ 1,
or lim supt→+∞ µ(t) ≠ 1, then we call Eq. (1.10) the essentially nonlinear generalized Emden–Fowler type
differential equation.
In the present paper we study both cases of Properties A and B, when the operator F has an almost linear minorant.
It turned out that even in the case of Property A (Property B) there arises the possibility to improve the results obtained
in [10–13]. The method used in this paper enables one to get such statements for a quite general equation which, when
specialized to the well studied equations, provide us with qualitatively new results.
2. Some auxiliary lemmas
In the sequel, Cn−1loc ([t0,+∞)) will denote the set of all functions u : [t0,+∞) → R, absolutely continuous on
any finite subinterval of [t0,+∞), along with their derivatives of order up to and including n − 1.
Lemma 2.1. Let u ∈ Cn−1loc ([t0,+∞)), u(t) > 0, u(n)(t) ≤ 0 (u(n)(t) ≥ 0) for t ≥ t0 and u(n) ≢ 0 in any
neighborhood of +∞. Then there exist t1 ≥ t0 and ℓ ∈ {0, . . . , n} such that ℓ+ n odd (ℓ+ n even) and
u(i)(t) > 0 for t ≥ t1 (i = 0, . . . , ℓ− 1),
(−1)ℓ+i u(i)(t) ≥ 0 for t ≥ t1 (i = ℓ, . . . , n). (2.1ℓ)
Note. In (2.1ℓ), if ℓ = 0, there takes place the second inequality, but if ℓ = n, there takes place the first one.
Lemma 2.2. Let t0 ∈ (0,+∞), u ∈ Cloc([t0,+∞)), u(n)(t) ≤ 0, (u(n)(t) ≥ 0) and (2.1ℓ) be fulfilled for some
ℓ ∈ {1, . . . , n − 1} with ℓ+ n odd (ℓ+ n even). Then +∞
t0
tn−ℓ−1
u(n)(t)dt < +∞, (2.2)
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t0
s−2
 s
t0
ξn−ℓ
u(n)(ξ)dξ ds < +∞, (2.3)
lim
t→+∞
1
t
 t
t0
sn−ℓ
u(n)(s)ds = 0, (2.4)
u(i)(t) ≥ u(i)(t0)+ 1
(ℓ− i − 1)! (n − ℓ− 1)!
 t
t0
(t − s)ℓ−i−1
 +∞
s
(ξ − s)n−ℓ−1u(n)(ξ)dξ ds
for t ≥ t0, (i = 0, . . . , ℓ− 1). (2.5i)
If, moreover, +∞
t0
tn−ℓ
u(n)(t)dt = +∞, (2.6)
then there exists t1 ≥ t0 such that
u(t) ≥ t
ℓ−1
ℓ! u
(ℓ−1)(t) for t ≥ t1, (2.7)
lim
t→+∞

u(ℓ−1)(t)− t u(ℓ)(t) = +∞, (2.8)
u(i)(t)
tℓ−i
↓, u
(i)(t)
tℓ−i−1
↑ (i = 0, . . . , ℓ− 1) as t ↑ +∞. (2.9i)
Proof. For the proof of validity of conditions (2.2), (2.5i), (2.7), (2.8), (2.9i) see [10]. Let ε > 0. According to (2.2),
choose t∗ > t0 such that +∞
t∗
sn−ℓ−1
u(n)(s)ds < ε.
Therefore
lim sup
t→+∞
1
t
 t
t∗
sn−ℓ
u(n)(s)ds = lim sup
t→+∞
1
t
 t
t0
sn−ℓ
u(n)(s)ds ≤  +∞
t∗
sn−ℓ−1
u(n)(s)ds < ε.
Taking into account that ε is arbitrary, from the latter inequality we deduce the validity of condition (2.4). If we take
into account (2.1ℓ) and (2.6), then from the equality
n−1
j=ℓ−1
(−1) j t j−ℓ+1u( j)(t)
( j − ℓ+ 1)! =
n−1
j=ℓ−1
(−1) j t j−ℓ+10 u( j)(t0)
( j − ℓ+ 1)! +
(−1)n−1
(n − ℓ)!
 t
t0
sn−ℓu(n)(s)ds
we can see that there exists t2 ≥ t1 such that
1
(n − ℓ)!
 t
t2
sn−ℓ
u(n)(s)ds ≤ u(ℓ−1)(t)− t u(ℓ)(t) for t ≥ t2.
According to (2.9ℓ−1), we have
1
(n − ℓ)!
 +∞
t2
s−2
 s
t2
ξn−ℓ
u(n)(ξ)dξ ds ≤ −  +∞
t2

u(ℓ−1)(s)
s
′
ds < +∞.
Hence (2.3) is fulfilled. 
Lemma 2.3 ([11]). Let n ≥ 2, ℓ ∈ {1, . . . , n − 1}, u0 ∈ Cn−1loc ([t0,+∞)). Then
u(ℓ)i (t) = (−1)i t i uℓ+i0 (t) (i = 1, . . . , n − ℓ), (2.10)
where
ui (t) = (ℓ+ i − 1)ui−1(t)− t u′i−1(t) (i = 1, . . . , n − ℓ). (2.11)
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Lemma 2.4. Let t0 ∈ (0,+∞), u ∈ Cloc([t0,+∞)), u(n)(t) ≤ 0 (u(n)(t) ≥ 0) and for any ℓ ∈ {1, . . . , n − 1}, where
ℓ+ n odd (ℓ+ n even), conditions (2.1ℓ) and (2.6) be fulfilled. Then there exists t1 > t0 such that
u(t) ≥ t
ℓ
(ℓ− 1)! (n − ℓ− 1)!
 +∞
t
s−n(s − t)n−ℓ−1
 s
t1
(s − ξ)ℓ−1ξn−ℓu(n)(ξ)dξ ds for t ≥ t1. (2.12)
Proof. By (2.1ℓ) and (2.50), we have
u(t) ≥ 1
(ℓ− 1)! (n − ℓ− 1)!
 t
t0
(t − s)ℓ−1
 +∞
s
(ξ − s)n−ℓ−1u(n)(ξ)dξ ds for t ≥ t0. (2.13)
Denote
u0(t) = t
ℓ
(ℓ− 1)! (n − ℓ− 1)!
 +∞
t
s−n(s − t)n−ℓ−1
 s
t0
(s − ξ)ℓ−1ξn−ℓu(n)(ξ)dξ ds. (2.14)
According to (2.3), it is obvious that the integral on the right-hand side of (2.14) exists and equalities (2.11) are
fulfilled, where
ui (t) = t
ℓ+i
(ℓ− 1)! (n − ℓ− i − 1)!
 +∞
t
s−n(s − t)n−ℓ−i−1
 s
t0
(s − ξ)ℓ−1ξn−ℓu(n)(ξ)dξ ds (2.15)
(i = 1, . . . , n − ℓ− 1),
un−ℓ(t) = 1
(ℓ− 1)!
 t
t0
(t − s)ℓ−1sn−ℓu(n)(s)ds. (2.16)
Therefore, by virtue of Lemma 2.3, we have
(−1)n+ℓu(n)0 (t) =
u(n)(t) for t ≥ t0, (2.17)
where n + ℓ odd (n + ℓ even) if u(n)(t) ≤ 0 (u(n)(t) ≥ 0). Therefore, according to (2.17)
u(n)0 (t) ≤ 0 if ℓ+ n odd (2.18)
and
u(n)0 (t) ≥ 0 if ℓ+ n even. (2.19)
By (2.14) and (2.18) ((2.14) and (2.19)), there exists ℓ′ ∈ {0, . . . , n − 1} such that ℓ′ + n odd (ℓ′ + n even) and the
conditions
u(i)0 (t) > 0 (i = 0, . . . , ℓ′ − 1), (−1)i+ℓ
′
u(i)0 (t) > 0 (i = ℓ′, . . . , n − 1) for t ≥ t0 (2.20ℓ′)
are fulfilled.
Let us now show that there exists t1 > t0 such that the inequality
tℓ−1 ≤ u0(t) ≤ tℓ for t ≥ t1 (2.21)
is fulfilled. According to (2.3) and (2.14), the validity of the right inequality in (2.21) is obvious. By virtue of (2.6),
there exists t1 > t0 such that t1
t0
sn−ℓ
u(n)(s)ds = c > (ℓ− 1)! (n − ℓ− 1)! 2n−1.
Therefore from (2.14), we obtain
u0(t) ≥ t
ℓ
(ℓ− 1)! (n − ℓ− 1)!
 +∞
2t
(s − t)n−ℓ−1s−n−1+ℓ
 t1
t0

1− ξ
s
ℓ−1
ξn−ℓ
u(n)(ξ)dξ ds
≥ t
ℓ
2ℓ−1(ℓ− 1)! (n − ℓ− 1)!
 t1
t0
ξn−ℓ
u(n)(ξ)dξ  +∞
2t
(s − t)n−ℓ−1s−n−1+ℓds
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≥ c t
ℓ
2ℓ−1(ℓ− 1)! (n − ℓ− 1)!
 +∞
2t

1− t
s
n−ℓ−1
s−2ds
≥ c t
ℓ
(ℓ− 1)! (n − ℓ− 1)! 2n−2
 +∞
2t
s−2ds ≥ tℓ−1 for t ≥ t1.
The latter inequality implies the existence of t1 such that inequality (2.21) is fulfilled. Therefore, according to (2.1ℓ)
and (2.20ℓ′), since ℓ+ ℓ′ even, it follows that ℓ = ℓ′.
Now show that
lim
t→+∞ t
i u(ℓ+i)0 (t) = 0 (i = 0, . . . , n − ℓ− 1). (2.22)
Indeed, using (2.15), we have
u(ℓ)i (t) =
1
(ℓ− 1)! (n − ℓ− i − 1)!
ℓ
j=0
c jℓ (t
ℓ+i )(ℓ− j)
×
 +∞
t
s−n(s − t)n−ℓ−i−1
 s
t0
(s − t)ℓ−1ξn−ℓu(n)(ξ)dξ ds( j). (2.23)
Let j ≤ n − ℓ− i − 1. Then according to (2.3), we obtain
ρ j i (t) = (tℓ+i )(ℓ− j)
 +∞
t
s−n(s − t)n−ℓ−i−1
 s
t0
(s − ξ)ℓ−1ξn−ℓu(n)(ξ)dξ ds( j)
≤ (ℓ+ i)! (n − ℓ− i − 1)! t i+ j
 +∞
t
s−n(s − t)n−ℓ−i− j−1
 s
t0
(s − ξ)ℓ−1ξn−ℓu(n)(ξ)dξ ds
≤ (ℓ+ i)! (n − ℓ− i − 1)! t i+ j
 +∞
t
s−i− j−2
 s
t0
ξn−ℓ
u(n)(ξ)dξ ds
≤ (ℓ+ i)! (n − ℓ− i − 1)!
 +∞
t
s−2
 s
t0
ξn−ℓ
u(n)(ξ)dξ ds → 0
for t →+∞ ( j = 0, . . . , n − ℓ− i − 1). (2.24)
Analogously, we can prove that
ρ j i (t)→ 0 for t →+∞ ( j = n − ℓ− i, . . . , ℓ). (2.25)
According to (2.23), (2.24), (2.10) and (2.25), it is obvious that conditions (2.22) are fulfilled. Therefore, by (2.16) we
have
u(ℓ)0 (t) =
1
(n − ℓ− 1)!
 +∞
t
(s − t)n−ℓ−1u(n)(s)ds for t ≥ t0.
From the above equality, we obtain
u0(t) =
ℓ−1
i=0
(t − t0)i
i ! u
(i)
0 (t0)
+ 1
(ℓ− 1)! (n − ℓ− 1)!
 t
t0
(t − s)ℓ−1
 +∞
s
(ξ − s)n−ℓ−1u(n)(ξ)dξ ds for t ≥ t0.
Hence, if we take into account (2.13) and (2.14), we obtain
u(t) ≥ t
ℓ
(ℓ− 1)! (n − ℓ− 1)!
 +∞
t
s−n(s − t)n−ℓ−1
 s
t0
(s − ξ)ℓ−1ξn−ℓu(n)(ξ)dξ ds − ctℓ−1
for t ≥ t0, (2.26)
where c =ℓ−1i=0 u(i)0 (t0)ℓ! .
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By virtue of (2.6), we choose t2 > t0 such that t2
t0
sn−ℓ
u(n)(s)ds > 2n−1(ℓ− 1)! (n − ℓ− 1)! c.
Hence from (2.26) follows
u(t) ≥ t
ℓ
(ℓ− 1)! (n − ℓ− 1)!
 +∞
t
s−n(s − t)n−ℓ−1
 t2
t0
(s − ξ)ℓ−1ξn−ℓu(n)(ξ)dξ
+
 s
t2
(s − ξ)ℓ−1ξn−2u(n)(ξ)dξds − ctℓ−1
≥ t
ℓ
(ℓ− 1)! (n − ℓ− 1)!
 +∞
t
s−n(s − t)n−ℓ−1
 s
t2
(s − ξ)ℓ−1ξn−ℓu(n)(ξ)dξ ds
+ t
ℓ
2n−2(ℓ− 1)! (n − ℓ− 1)!
 t2
t0
ξn−ℓ
u(n)(ξ)dξ ·  +∞
2t
s−nds − ctℓ−1
>
tℓ
(ℓ− 1)! (n − ℓ− 1)!
 +∞
t
s−n(s − t)n−ℓ−1
 s
t1
(s − ξ)ℓ−1ξn−ℓu(n)(ξ)dξ ds for t ≥ 2t2,
which proves the validity of inequality (2.12) with t1 = 2t2. 
Lemma 2.5 ([11]). Let t0 ∈ R+, ϕ;ψ ∈ C([t0,+∞), (0,+∞)),
lim inf
t→+∞ ϕ(t) = 0, ψ(t) ↑ +∞ for t ↑ +∞, limt→+∞ψ(t)ϕ(t) = +∞,
where ϕ(t) = min{ϕ(s) : s ∈ [t0, t]}. Then there exists a sequence of points {tk} such that tk ↑ +∞, as k ↑ +∞,ϕ(tk) ψ(tk) ≤ ϕ(s) ψ(s) for s ≥ tk, ϕ(tk) = ϕ(tk) (k = 1, 2, . . .).
Remark 2.1. Lemma 2.5 concerns some properties of nonmonotone positive functions. A lemma of different type
likewise concerning some properties of nonmonotone functions can be found in [10, Lemma 7.7]. Everywhere below
we assume that the inequality
F(u)(t) ≥ m
i=1
 σi (t)
τi (t)
u(s)µi (s)dsri (s, t) for t ≥ t0, u ∈ Ht0,τ , (2.27)
holds, where
µi ∈ C(R+; (0,+∞)), τi ; σi ∈ C(R+; R+), τi (t) ≤ σi (t) for t ∈ R+,
lim
t→+∞ τi (t) = +∞ (i = 1, . . . ,m),
(2.28)
ri : R+ × R+ → R+ are measurable in t and nondecreasing in s functions (i = 1, . . . ,m).
3. Necessary conditions of the existence of monotone solutions
In Section 3, the necessary conditions will be established for the existence of a solution of type (2.1ℓ). Mainly we
apply the method used in [11] which still made it possible to improve some results in the case of Properties A and B.
Throughout the work, the use will be made of the following notation:
Let t0 ∈ R+, ℓ ∈ {1, . . . , n − 1}. By Uℓ,t0 we denote the set of proper solutions of Eq. (1.1) satisfying condition
(2.1ℓ);
Λℓ,u =

λ|λ ∈ [ℓ− 1, ℓ], lim inf
t→+∞
u(t)
tλ
= 0

, u ∈ Uℓ,t0; (3.1)
σ∗(t) = max

max

s, σ1(s), . . . , σm(s)
 : 0 ≤ s ≤ t; (3.2)
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h1ε(λ) =

0 for λ = ℓ,
ε for λ ∈ [ℓ− 1, ℓ), h2ε(λ) =

0 for λ = ℓ− 1,
ε for λ ∈ (ℓ− 1, ℓ], hελ = h1ε(λ)+ h2ε(λ). (3.3)
Remark 3.1. We usually do not distinguish between the notations for a constant and the function which is identically
equal to that constant.
Remark 3.2. In the definition of the set Λℓ,u we assume that if there is no λ ∈ [ℓ − 1, ℓ] such that lim inft→+∞ t−λ
u(t) = 0, then Λℓ,u = ∅.
Theorem 3.1. Let F ∈ V (τ ), the conditions (1.2) ((1.3)), (2.27), (2.28) be fulfilled, ℓ ∈ {1, . . . , n − 1}, where ℓ+ n
is odd and (ℓ+ n is even), +∞
0
tn−ℓ
m
i=1
 σi (t)
τi (t)
s(ℓ−1)µi (s)dsri (s, t)dt = +∞, (3.4ℓ) +∞
0
tn−ℓ−1
m
i=1
 σi (t)
τi (t)
sℓµi (s)dsri (s, t)dt = +∞, (3.5ℓ)
and
lim inf
t→+∞ µi (t) > 0 (i = 1, . . . ,m). (3.6)
Moreover, let Uℓ,t0 ≠ ∅ for some t0 ∈ R+. Then there exists λ0 ∈ [ℓ− 1, ℓ] such that
lim sup
ε→0+

lim inf
t→+∞ gℓ(t, λ0, ε)
 ≤ (ℓ− 1)! (n − ℓ− 1)!, (3.7ℓ)
where
gℓ(t, λ, ε) = tℓ−λ+h2ε(λ)
 +∞
t
s−n(s − t)n−ℓ−1(σ∗(s))−hε(λ)
 s
0
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
 σi (ξ)
τi (ξ)
ξ
µ∗(ξ1,λ,ε)
1 dξ1ri (ξ1, ξ)dξ ds, (3.8)
µ∗(t, λ, ε) = (λ+ h1ε(λ))µ(t)+ (λ− h2ε(λ))(µi (t)− µ(t)), (3.9)
µ(t) = min{1, µ1(t), . . . , µm(t)}, (3.10)
h1ε, h2ε,, hε are given by (3.3).
Proof. Let t0 ∈ R+ and Uℓ,t0 ≠ ∅. By the definition of the set Uℓ,t0 , Eq. (1.1) has a proper solution u ∈ Uℓ,t0
satisfying condition (2.1ℓ). According to (1.2) ((1.3)), (2.1ℓ), (2.27) and (3.4ℓ), it is clear that condition (2.6) holds.
Thus by Lemma 2.4, (2.27) and (3.4ℓ), there exists t∗ > t0 such that
u(t) ≥ t
ℓ
(ℓ− 1)! (n − ℓ− 1)!
 +∞
t
s−n(s − t)n−ℓ−1
 s
t∗
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
 σi (t)
τi (t)
u(ξ1)µi (ξ1)dξ1ri (ξ1, ξ)dξ ds for t ≥ t∗ (3.11)
and
lim
t→+∞
u(t)
tℓ−1
= +∞, lim
t→+∞
u(t)
tℓ
= 0. (3.12)
In view (3.1) and (3.12), we have ℓ ∈ Λℓ,u , ℓ − 1 ∉ Λℓ,u and λ0 ∈ [ℓ − 1, ℓ], where λ0 = infΛℓ,u . Therefore,
Λℓ,u ⊂ [ℓ− 1, ℓ] and for sufficiently small ε > 0, by (3.3), we have
lim inf
t→+∞
u(t)
tλ0+h1ε(λ0)
= 0 and lim
t→+∞
u(t)
tλ0−h2ε(λ0)
= +∞. (3.13)
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Denote
ϕ(t) =

u(t)
tλ0+h1ε(λ0)
µ(t)
(3.14)
and ϕ(t) = minϕ(s) : t∗ ≤ s ≤ t, (3.15)
where µ is defined by (3.10).
By the first condition of (3.13) and (3.6), it is obvious that
lim
t→+∞ϕ(t) = 0. (3.16)
Let us show that
lim
t→+∞ t
hε(λ0)ϕ(t) = +∞, (3.17)
where hε is defined by (3.3). Indeed, for any t > t∗, by (3.14)–(3.16), there exists st ∈ [t∗, t] such that st → +∞ for
t →+∞ and
ϕ(t) =  u(st )
sλ0+h1ε(λ0)t
µ(st )
.
From this equality, since ϕ(t) ↓ 0 for t ↑ +∞, by (3.3) and the second condition of (3.13), we have
thε(λ0)ϕ(t) ≥ shε(λ0)t u(st )
sλ0+h1ε(λ0)t
= u(st )
sλ0−h2ε(λ0)t
→+∞ for t →+∞,
that is, (3.17) holds. Using (3.2) and (3.15), from (3.11), we have
u(σ∗(t)) ≥ σ
ℓ∗ (t)
(ℓ− 1)! (n − ℓ− 1)!
 +∞
σ∗(t)
s−n

s − σ∗(t)
n−ℓ−1  s
t∗
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
 σi (ξ)
τi (ξ)
u(ξ1)µi (ξ1)dξ1ri (ξ1, ξ)dξ ds
≥ σ
ℓ∗ (t)
(ℓ− 1)! (n − ℓ− 1)!
 +∞
σ∗(t)
s−n

s − σ∗(t)
n−ℓ−1  s
t∗
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
 σi (ξ)
τi (ξ)

u(ξ)
ξ
λ0−h2ε(λ0)
1
µ(ξ1)
ξ
(λ0−h2ε(λ0))µi (ξ)
1 dξ1ri (ξ1, ξ)dξ ds
= σ
ℓ∗ (t)
(ℓ− 1)! (n − ℓ− 1)!
 +∞
σ∗(t)
s−n

s − σ∗(t)
n−ℓ−1  s
t∗
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
 σi (ξ)
τi (ξ)

u(ξ1)
ξ
λ0+h1ε(λ0)
1
µ(ξ1)
ξ
(λ0+h1ε(λ0))µ(ξ1)
1
× ξ (λ0−h2ε(λ0))(µi (ξ1)−µ(ξ1))1 dξ1ri (ξ1, ξ)dξ ds
≥ σ
ℓ∗ (t)
(ℓ− 1)! (n − ℓ− 1)!
 +∞
σ∗(t)
s−n

s − σ∗(t)
n−ℓ−1ϕ(σ∗(s))  s
t∗
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
 σi (ξ)
τi (ξ)
ξ
µ∗(ξ1,λ0,ε)
1 dξ1ri (ξ1, ξ)dξ ds, (3.18)
where σ∗, µ∗ and µ are defined by (3.2), (3.9) and (3.10), the functions ϕ and ϕ are defined by (3.14) and (3.15). In
view of (3.6), (3.12) and the second condition of (3.13), it is obvious that the functions
ϕ(t) =

u(t)
tλ0−h1ε(λ0)
µ(t)
and ψ(t) = thε(λ0)
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satisfy the conditions of Lemma 2.5. Therefore there exists the sequence {tk}+∞k=1 such that tk ↑ +∞ for k ↑ +∞ and
ϕ(σ∗(s)) (σ∗(s))hε(λ0) ≥ ϕσ∗(tk) (σ∗(tk))hε(λ0) for s ≥ tk, (3.19)
ϕ(σ∗(tk)) = ϕ(σ∗(tk)) =  u(σ∗(tk))
σ
λ0+h1ε(λ0)∗ (tk)
µ(σ∗(tk ))
(k = 1, 2, . . .). (3.20)
According to (3.19) and (3.20), from (3.18), we get
u(σ∗(tk)) ≥ σ
ℓ∗ (tk)(σ∗(tk))hε(λ0) ·ϕ(σ∗(tk))
(ℓ− 1)! (n − ℓ− 1)!
 +∞
σ∗(tk )
s−n

s − σ∗(tk)
n−ℓ−1
(σ∗(s))−hε(λ0)
×
 s
t∗
(s − ξ)ℓ−1ξn−ℓ
m
i=1
 σi (ξ)
τi (ξ)
ξ
µ∗(ξ1,λ0,ε)
1 dξ1ri (ξ1, ξ)dξ ds (k = 1, 2, . . .),
where σ∗, µ∗ and µ are given by (3.2), (3.9) and (3.10).
From this latter inequality, we have
u(σ∗(tk))
σ
λ0+h1ε(λ0)∗ (tk)
1−µ(σ∗(tk ))
≥ (σ∗(tk))
ℓ+hε(λ0)−λ0−h1ε(λ0)
(ℓ− 1)! (n − ℓ− 1)!
 +∞
σ∗(tk )
s−n

s − σ∗(tk)
n−ℓ−1
(σ∗(s))−hε(λ0)
×
 s
t∗
(s − ξ)ℓ−1ξn−ℓ
m
i=1
 σi (ξ)
τi (ξ)
ξ
µ∗(ξ1,λ0,ε)
1 dξ1ri (ξ1, ξ)dξ ds. (3.21)
Since u(σ∗(tk ))
σ
λ0+h1ε(λ0)∗ (tk )
→ 0 for k →+∞ and µ(σ∗(tk)) ≤ 1, for sufficiently large k, we have
u(σ∗(tk))
σ
λ0+h1ε(λ0)∗ (tk)
1−µ(σ∗(tk ))
≤ 1.
Therefore, from (3.21), we get
lim sup
t→+∞

σ∗(tk)
ℓ−λ0+h1ε(λ0)  +∞
σ∗(tk )
s−n

s − σ∗(tk)
n−ℓ−1
(σ∗(s))−hε(λ0)
 s
t∗
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
 σi (ξ)
τi (ξ)
ξ
µ∗(ξ1,λ0,ε)
1 dξ1ri (ξ1, ξ)dξ ds ≤ (ℓ− 1)! (n − ℓ− 1)!
Thus
lim inf
t→+∞ t
ℓ−λ0+h2ε(λ0)
 +∞
t
s−n(s − t)n−ℓ−1(σ∗(s))−hε(λ0)
 s
t∗
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
 σi (ξ)
τi (ξ)
ξ
µ∗(ξ1,λ0,ε)
1 dξ1ri (ξ1, ξ)dξ ds ≤ (ℓ− 1)! (n − ℓ− 1)!.
From the latter inequality, it is clear that
lim inf
t→+∞ t
ℓ−λ0+h2ε(λ0)
 +∞
t
s−n(s − t)(n−ℓ−1)(σ∗(s))−hε(λ0)
 s
0
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
 σi (ξ)
τi (ξ)
ξ
µ∗(ξ1,λ0,ε)
1 dξ1ri (ξ1, ξ)dξ ds ≤ (ℓ− 1)! (n − ℓ− 1)!.
Taking the upper limit, as ε→ 0+, we obtain (3.7ℓ). 
Corollary 3.1. Let the condition of Theorem 3.1 be fulfilled and
lim sup
t→+∞
σi (t)
t
< +∞ (i = 1, . . . ,m). (3.22)
R. Koplatadze / Transactions of A. Razmadze Mathematical Institute 170 (2016) 215–242 225
Moreover, for some t0 ∈ R+, Uℓ,t0 ≠ ∅, then there exists λ0 ∈ [ℓ− 1, ℓ] such that
lim sup
ε→0+

lim inf
t→+∞ gℓ1(t, λ0, ε)
 ≤ (ℓ− 1)! (n − ℓ− 1)!, (3.23ℓ)
where
gℓ1(t, λ, ε) = tℓ−λ0+h2ε(λ)
 +∞
t
s−n−hε(λ)(s − t)h−ℓ−1
 s
t0
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
 σi (ξ)
τi (ξ)
ξ
µ∗(ξ1,λ,ε)
1 dξ1ri (ξ1, ξ)dξ ds, (3.24)
µ∗ is given by (3.8)–(3.10).
Proof. In view of Theorem 3.1, to prove Corollary 3.1, it suffices to show that inequality (3.7ℓ) implies (3.23ℓ), where
the functions gℓ and gℓ1 are given by (3.8) and (3.24), respectively. Indeed, according to (3.22), there exists c > 0
such that σ∗(t) ≤ ct for t ≥ t1 > 0 and
gℓ1(t, λ0, ε) ≤ chε(λ0)gℓ(t, λ0, ε) for t ≥ t1.
Since limε→0+ hε(λ0) = 0, we get (3.23ℓ). 
4. Sufficient conditions of nonexistence of monotone solutions
Theorem 4.1. Let F ∈ V (τ ), conditions (1.2) ((1.3)), (2.27), (2.28) and (3.4ℓ), (3.5ℓ), (3.6) be fulfilled, ℓ ∈
{1, . . . , n − 1} with ℓ+ n odd (ℓ+ n even) for any λ ∈ [ℓ− 1, ℓ],
lim sup
ε→0+

lim inf
t→+∞ gℓ(t, λ, ε)

> (ℓ− 1)! (n − ℓ− 1)!. (4.1ℓ)
Then for any t0 ∈ R+, Uℓ,t0 = ∅, where the function gℓ is defined by (3.8)–(3.10).
Proof. Assume the contrary. Let there exist t0 ∈ R+ and ℓ ∈ {1, . . . , n − 1} with ℓ + n odd, if (1.2) holds (ℓ + n
even if (1.3) holds), such that Uℓ,t0 ≠ ∅ (for the definition of the set Uℓ,t0 see Section 3). Thus Eq. (1.1) has a proper
solution u : [t0,+∞)→ (0,+∞) satisfying condition (2.1ℓ). Since the conditions of Theorem 3.1 are fulfilled, there
exists λ0 ∈ [ℓ− 1, ℓ] such that condition (3.7ℓ) holds, which contradicts condition (4.1ℓ). The obtained contradiction
proves the validity of the theorem. 
Using Corollary 3.1, we can analogously prove
Corollary 4.1. Let F ∈ V (τ ), conditions (1.2) ((1.3)), (2.27), (2.28), (3.22) and (3.4ℓ), (3.5ℓ), (3.6) be fulfilled,
ℓ ∈ {1, . . . , n − 1} with ℓ+ n odd (ℓ+ n even) and for any λ ∈ [ℓ− 1, ℓ],
lim sup
ε→0+

lim inf
t→+∞ gℓ1(t, λ, ε)

> (ℓ− 1)! (n − ℓ− 1)!. (4.2ℓ)
Then for any t0 ∈ R+, Uℓ,t0 = ∅, where gℓ1 is defined by (3.24).
Corollary 4.2. Let F ∈ V (τ ), conditions (1.2) ((1.3)), (2.27), (2.28), (3.22) and (3.4ℓ), (3.5ℓ), (3.6) be fulfilled,
ℓ ∈ {1, . . . , n − 1} with ℓ+ n odd (ℓ+ n even), and for any λ ∈ [ℓ− 1, ℓ], there exist δ > 1 such that
lim inf
ε→0+

lim inf
t→+∞ t
ℓ−λ−1−h1ε(λ)
 t
0
sn−ℓ
m
i=1
 σi (s)
τi (s)
ξµ∗(ξ,λ,ε)dξ ri (ξ, s)dξ ds

> δ
n−1
i=0;i≠ℓ−1
|λ− i |. (4.3ℓ)
Then for any t0 ∈ R+, Uℓ,t0 = ∅, where µ∗ is defined by (3.9) and (3.10).
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Proof. In view of Corollary 4.1, to prove Corollary 4.2, it suffices to show that inequality (4.3ℓ) implies (4.2ℓ). By
(4.3ℓ), there exist ε0 > 0 and δ1 ∈ (1, δ], t1 > t0 such that
tℓ−1−λ−h1ε(λ)
 t
0
sn−ℓ
m
i=1
 σi (s)
τi (s)
ξµ∗(ξ,λ,ε)dξ ri (ξ, s)dξ ds
> δ1
n−1
i=0;i≠ℓ−1
|λ− i | for t ≥ t1, 0 < ε ≤ ε0. (4.4)
Consider the case ℓ = 1. According to (3.24) and (4.4), we get
gℓ1(t, λ, ε) ≥ δ1
n−1
i=1
|λ− i |t1−λ+h2ε(λ)
 +∞
t
s−n−hε(λ)+λ+h1ε(λ)(s − t)n−2ds
= δ1
n−1
i=1
|λ− i | (n − 2)!
n−1
i=1
|λ− i − h2ε(λ)|
.
Since δ1 > 1 and h2ε(λ)→ 0 for ε → 0+, from the last inequality we get (4.2ℓ), which in the case ℓ = 1 proves the
validity of our corollary. Assume now that ℓ ∈ {2, . . . , n − 1}. According to (3.24), we have
gℓ1(t, λ, ε) = tℓ−λ−h2ε(λ)
 +∞
t
s−n−hε(λ)(s − t)n−ℓ−1
 s
0
(s − ξ)ℓ−1d
 ξ
0
ξn−ℓ1
×
m
i=1
 σi (ξ1)
τi (ξ1)
ξ
µ∗(ξ2,λ,ε)
2 dξ2 ri (ξ2, ξ1)dξ1 ds
= (ℓ− 1)tℓ−λ−h2ε(λ)
 +∞
t
s−n−hε(λ)(s − t)n−ℓ−1
 s
0
(s − ξ)ℓ−2
 ξ
0
ξn−ℓ1
×
m
i=1
 σi (ξ1)
τi (ξ1)
ξ
µ∗(ξ2,λ,ε)
2 dξ2 ri (ξ2, ξ1)dξ1 ds,
where µ∗ is given by (3.9) and (3.10). By (4.4), this last inequality yields
gℓ1(t, λ, ε) ≥ δ1(ℓ− 1)
n−1
i=0;i≠ℓ−1
|λ− i |tℓ−λ−h1ε(λ)tℓ−λ−h2ε(λ)
 +∞
t
s−n−hε(λ)(s − t)n−ℓ−1
×
 s
0
(s − ξ)ℓ−2ξ1+λ+h1ε(λ)−ℓdξ ds for t ≥ t1. (4.5)
On the other hand, s
0
(s − ξ)ℓ−2ξ1+λ+h1ε(λ)−ℓdξ = (ℓ− 2)! s
λ+h1ε(λ)
ℓ−2
i=1
|λ− i − h1ε(λ)|
.
Therefore, from (4.5), we have
gℓ1(t, λ, ε) ≥
δ1(ℓ− 1)
n−1
i=0;i≠ℓ−1
|λ− i |
n−2
i=0
|λ− h1ε − i |
tλ−ℓ+h2ε(λ)
 +∞
t
s−n−h2ε(λ)+λ(s − t)n−ℓ−1ds
= δ1(ℓ− 1)! (n − ℓ− 1)!
ℓ−2
i=1
|λ− h1ε − i |
n−1
i=ℓ
|λ− i − h2ε(λ)|
n−1
i=0;i≠ℓ−1
|λ− i |.
Since δ1 > 1 and h jε(λ)→ 0 for ε→ 0+ ( j = 1, 2), the last inequality results in (4.2ℓ). 
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Corollary 4.3. Let F ∈ V (τ ), conditions (1.2) ((1.3)), (2.27), (2.28) and (3.4ℓ), (3.5ℓ), (3.6) be fulfilled, ℓ ∈
{1, . . . , n − 1} with ℓ+ n odd (ℓ+ n even), and for any λ ∈ [ℓ− 1, ℓ] there exist δ > 1 such that
lim inf
ε→0+

lim inf
t→+∞
1
t
 t
0
sn−λ−h1ε(λ)
m
i=1
 σi (s)
τi (s)
ξµ∗(ξ,λ,ε)dξ ri (ξ, s)dξ ds

> δ
n−1
i=0
|λ− i |. (4.6ℓ)
Then for any t0 ∈ R+, Uℓ,t0 = ∅, where µ∗ is given by (3.9) and (3.10).
Proof. To prove the corollary, it suffices to show that condition (4.6ℓ) implies the validity of (4.3ℓ). By (4.6ℓ), there
exist t1 > t0, δ1 ∈ (1, δ] and ε0 > 0 such that
1
t
 t
0
sn−λ−h1ε(λ)
m
i=1
 σi (s)
τi (s)
ξµ∗(ξ,λ,ε)dξ ri (ξ, s)ds > δ1
n−1
i=0
|λ− i | for t ≥ t1, 0 < ε ≤ ε0. (4.7)
Thus
tℓ−1−λ−h1ε(λ)
 t
0
sn−ℓ
m
i=1
 σi (s)
τi (s)
ξµ∗(ξ,λ,ε)dξ ri (ξ, s)ds
= tℓ−1−λ−h1ε(λ)
 t
0
sλ−ℓ+h1ε(λ)d
 s
0
ξn−λ−h1ε(λ)
m
i=1
 σi (ξ)
τi (ξ)
ξ
µ∗(ξ1,λ,ε)
1 dξ1 ri (ξ1, ξ)dξ
= t−1
 t
0
sn−λ−h1ε(λ)
m
i=1
 σi (s)
τi (s)
ξµ∗(ξ1,λ,ε)dξ1 ri (ξ1, ξ)ds + (ℓ− λ− h1ε(λ))tℓ−1−λ−h1ε(λ)
×
 t
0
sλ−ℓ−1+h1ε(λ)
 s
0
ξn−λ−h1ε(λ)
m
i=1
 σi (s)
τi (s)
ξ
µ∗(ξ1,λ,ε)
1 dξ1 ri (ξ1, ξ)dξ ds,
where µ∗ is defined by (3.9) and (3.10). According to (4.7), from the last equality we get
tℓ−1−λ−h1ε(λ)
 t
0
sn−ℓ
m
i=1
 σi (s)
τi (s)
ξµ∗(ξ,λ,ε) dξ ri (ξ, s)ds > δ1
n−1
i=0
|λ− i |1+ (ℓ− λ− h1ε(λ)
× tℓ−1−λ+h1ε(λ)
 t
0
sλ−ℓ+h1ε(λ)ds

= δ1
n−1
i=0
|λ− i |

1+ ℓ− λ− h1ε(λ)
λ+ 1− ℓ+ h1ε(λ)

.
Therefore
lim inf
t→+∞ t
ℓ−1−λ−h1ε(λ)
 t
0
sn−ℓ
m
i=1
 σi (s)
τi (s)
ξµ∗(ξ,λ,ε) dξ ri (ξ, s)ds >
δ1
λ+ 1− ℓ+ h1ε(λ)
n−1
i=0
|λ− i |.
Hence condition (4.3ℓ) holds. This proves our corollary. 
Remark 4.1. It is obvious that if the conditions of Theorem 4.1 and Corollaries 4.1–4.3 are fulfilled, then the
differential inequality
u(n)(t) sign u(t)+
m
i=1
 σi (t)
τi (t)
|u(s)|µi (s)ds ri (s, t) ≤ 0,
u(n)(t) sign u(t)−
m
i=1
 σi (t)
τi (t)
|u(s)|µi (s)ds ri (s, t) ≥ 0

has no solution of type (2.1ℓ), where ℓ ∈ {1, . . . , n − 1} with ℓ+ n odd (ℓ+ n even).
5. Functional differential equations with Property A
Relying on the results obtained in Sections 4–6, we establish sufficient conditions for Eq. (1.1) to have Property A
(Property B).
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Theorem 5.1. Let F ∈ V (τ ), conditions (1.2), (2.27), (2.28), (3.6) and
lim sup
t→+∞
µi (t) < +∞ (i = 1, . . . ,m) (5.1)
for odd n be fulfilled, and for any ℓ ∈ {1, . . . , n − 1} with ℓ + n odd and for any λ ∈ [ℓ − 1, ℓ] conditions (3.4ℓ),
(3.5ℓ), (3.6) and (4.1ℓ) hold. If, moreover, (3.50) holds when n is odd, then Eq. (1.1) has Property A.
Proof. Let Eq. (1.1) have a proper nonoscillatory solution u : [t0,+∞)→ (0,+∞) (the case u(t) < 0 is similar). By
(1.1), (1.2) and Lemma 2.1, there exist ℓ ∈ {0, . . . , n − 1} such that ℓ+ n is odd and condition (2.1ℓ) holds. Since for
any ℓ ∈ {1, . . . , n−1}with ℓ+n is odd condition (4.1ℓ) holds, according to Theorem 4.1, we have ℓ ∉ {1, . . . , n−1}.
Therefore n is odd and ℓ = 0. We claim that (1.4) holds. If this is not the case, then there exist c > 0 and t1 > t0
such that according to (5.1), (u(t))µi (t) ≥ c for t ≥ t1 (i = 1, . . . ,m). Then according to (2.10) and (2.26), we have
n−1
i=1
(n − i − 1)u(i)(t1) ≥ c  t
t1
sn−1
m
i=1

ri (σi (s)), (s)− ri (τi (s), s)

ds for t ≥ t1.
The latter inequality contradicts condition (3.50). This proves that Eq. (1.1) has Property A. 
Using Corollary 4.1, we can prove analogously Corollary 5.1.
Corollary 5.1. Let F ∈ V (τ ), conditions (1.2), (2.27), (3.6), (3.22) and (5.1) be fulfilled and for any ℓ ∈ {1, . . . , n−1}
with ℓ+ n odd and λ ∈ [ℓ− 1, ℓ] conditions (3.4ℓ), (3.5ℓ), (3.6) and (3.50) hold when n is odd. Then for Eq. (1.1) to
have Property A, it is sufficient that one of the following three conditions (1) (4.2ℓ); (2) (4.3ℓ); (3) (4.6ℓ) hold.
Corollary 5.2. Suppose F ∈ V (τ ), (1.2) holds and for any t0 ∈ R+,
|F(u)(t)| ≥
m
i=1
pi (t)
 βi t
αi t
sγi |u(s)|1+ diln s ds for t ≥ t0. u ∈ Ht0,τ , (5.2)
where 0 < αi < βi , pi ∈ L loc(R+; R+), γi ∈ (−1,+∞), di ∈ R (i = 1, . . . ,m). Let, moreover, for any
ℓ ∈ {1, . . . , n − 1} and λ ∈ [ℓ− 1, ℓ] with ℓ+ n odd and for some δ > 1
lim inf
ε→0+

lim inf
t→+∞ t
ℓ−1−λ−h1ε(λ)
 t
0
sn−ℓ+1+λ+h1ε(λ)
m
i=1
eλdi (β1+γi+λ+h1ε(λ)i − α1+γi+λ+h1ε(λ)i )sγi pi (s)
1+ γi + λ+ h1ε(λ)

ds
≥ δ
n−1
i=0;i≠ℓ−1
|λ− i |. (5.3ℓ)
Then Eq. (1.1) has Property A, where h1ε is defined by the first condition of (3.3).
Proof. By Corollary 4.2, according to (5.2), (5.3ℓ), we can easily show that all conditions of Corollary (5.1) are
fulfilled, where τi (t) = αi t , σi (t) = βi t , ri (s, t) = pi (t) s1+γi1+γi , µi (t) = 1 +
di
ln t (i = 1, . . . ,m), which proves the
validity of the corollary. 
Corollary 5.3. Suppose F ∈ V (τ ), (1.2), (5.2) are fulfilled and for any ℓ ∈ {1, . . . , n − 1} with ℓ + n odd and for
some δ > 1,
lim inf
ε→0+

lim inf
t→+∞
1
t
 t
0
sn+1
m
i=1
eλdi (β1+γi+λ+h1ε(λ)i − α1+γi+λ+h1ε(λ)i )sγi pi (s)
1+ γi + λ+ h1ε(λ)

ds ≥ δ
n−1
i=0
|λ− i |. (5.4ℓ)
Then Eq. (1.1) has Property A, where h1ε is defined by the first condition of (3.3).
Proof. By Corollary 4.3, according to (1.2), (5.2) and (5.4ℓ), all conditions of Corollary 5.2 are fulfilled, which proves
the validity of our corollary, τi (t) = αi t , σi (t) = βi (t), ri (s, t) = pi (t)s1+γi1+γi . 
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Using the arithmetic mean–geometric mean inequality, from Corollary 5.3, we get
Corollary 5.4. Let F ∈ V (τ ), (1.2), (5.2) be fulfilled and
lim inf
t→+∞
1
t
 t
0
sn+1+
γ
m
 m
i=1
pi (s)
 1
m
ds
>
1
m
max

−λ(λ− 1) · · · (λ− n + 1)e−λd m
i=1
(1+ γi + λ)
 1
m
 m
i=1
(β
1+γi+λ
i − α1+γi+λi )
 1
m
: λ ∈ [0, n − 1]
 . (5.5ℓ)
Then Eq. (1.1) has Property A, where
d =
m
i=1
di , γ =
m
i=1
γi .
Corollary 5.5. Suppose 0 < αi < βi , ci ∈ (0,+∞), γi ∈ (−1,+∞). Then for the equation
u(n)(t)+
m
i=1
ci
t1+n+γi
 βi t
αi t
sγi |u(s)|1+ diln s sign u(s)ds = 0, t ≥ a (5.6)
to have Property A, it is necessary and sufficient that for any ℓ ∈ {1, . . . , n − 1} with ℓ+ n odd,
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
ci e
λdi
β
1+γi+λ
i − α1+γi+λi
1+ λ+ γi
−1
: λ ∈ [ℓ− 1, ℓ]

< 1. (5.7)
Proof. According to (5.6) and (5.7), the sufficiency follows from Corollary 5.5. Show the necessity. Let (5.7) be
violated. Then there exists λ0 ∈ [ℓ− 1, ℓ], where ℓ ∈ {1, . . . , n − 1}, ℓ+ n is odd such that
−λ(λ− 1) · · · (λ− n + 1) =
m
i=1
ci e
λ0di
β
1+γi+λ
i − α1+γi+λi
1+ λ+ γi .
If we take into account that ℓ + n is odd, it is obvious from the latter equality that u(t) = tλ0 is a solution of type
(2.1ℓ) of Eq. (5.6), which proves the necessity. 
6. The functional differential equation with Property B
Theorem 6.1. Let F ∈ V (τ ), the conditions (1.3), (2.27), (2.28), (3.6), (5.1) be fulfilled and for any ℓ ∈ {1, . . . , n−1}
with ℓ+ n even and λ ∈ [ℓ− 1, ℓ] the conditions (3.4ℓ), (3.5ℓ), (3.6) and (4.1ℓ) hold. If, moreover, (3.50) hold when
n is even, then equation (1.1) has Property B, where gℓ is defined by (3.8).
Proof. Suppose Eq. (1.1) has a proper nonoscillatory solution u : [t0,+∞) → (0,+∞). By (1.1), (1.3) and
Lemma 2.1, there exists ℓ ∈ {0, . . . , n} such that ℓ + n is even and condition (2.1ℓ) holds. Since for any
ℓ ∈ {1, . . . , n − 2} with ℓ + n even condition (4.1ℓ) holds, according to Theorem 4.1, we have ℓ ∉ {1, . . . , n − 2}.
Since ℓ + n is even, either ℓ = n or n is even, and ℓ = 0. In the latter case, as is shown in the proof of Theorem 5.1,
using (3.50) and (5.1), we can easily show that (1.4) holds. On the other hand, if ℓ = n, then by (2.1n), there exist
c > 0 and t1 > t0 such that u(t) ≥ ctn−1 for t ≥ t1. Therefore, by (2.1n), (2.27), (3.4n) and (5.1), Eq. (1.1) yields
u(n−1)(t) ≥ u(n−1)(t∗)+ c0
 t
t∗
m
i=1
 σi (ξ)
τi (ξ)
s(n−1−µi (s))dsri (s1, s)dξ →+∞ as t →+∞,
where c0 > 0 and t∗ > t1 is a sufficiently large number. Thus if n is even and ℓ = 0, then there takes place condition
(1.4), but if ℓ = n, then there takes place condition (1.5). This means that Eq. (1.1) has Property B and the theorem is
complete. 
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Using Corollaries 4.1–4.3, similarly to Corollaries 5.1–5.5, one can prove Corollaries 6.1–6.3.
Corollary 6.1. Let F ∈ V (τ ), conditions (1.3), (2.27), (3.6), (3.22), (5.1) be fulfilled and for any ℓ ∈
{1, . . . , n − 1} with ℓ + n even and λ ∈ [ℓ − 1, ℓ] conditions (3.4ℓ), (3.5ℓ), (3.6) and (3.50) hold when n is
even for some δ > 1. Then for Eq. (1.1) to have Property B, it is sufficient that one of the following three
conditions (1) (4.2ℓ); (2) (4.3ℓ); (3) (4.6ℓ) hold.
Corollary 6.2. Suppose F ∈ V (τ ), conditions (1.3), (5.2) hold and for any ℓ ∈ {1, . . . , n − 1} with ℓ + n even and
λ ∈ [ℓ− 1, ℓ] conditions (5.3ℓ) or (5.4ℓ) are fulfilled. Then Eq. (1.1) has Property B, where h1ε is defined by the first
condition of (3.3).
Corollary 6.3. Let F ∈ V (τ ), conditions (1.3), (5.2) be fulfilled and
lim inf
t→+∞
1
t
 t
0
s1+n+
γ
m
 m
i=1
pi (s)
 1
m
ds
>
1
m
max
λ(λ− 1) · · · (λ− n + 1)e−λd m
i=1
(1+ γi + λ)
 1
m
 m
i=1
(β
1+γi+λ
i − α1+γi+λi )
 1
m
: λ ∈ [0, n − 1]

.
Then Eq. (1.1) has Property B, where d =mi=1 di , γ =mi=1 γi .
Corollary 6.4. Suppose 0 < αi < βi , ci ∈ (−∞, 0), γi ∈ (−1,+∞). Then for Eq. (5.6) to have Property B, it is
necessary and sufficient that for any ℓ ∈ {1, . . . , n − 2} with ℓ+ n even
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
|ci |eλdi (β
1+γi+λ
i − α1+γi+λi )
1+ λ+ γi
−1
: λ ∈ [ℓ− 1, ℓ]

< 1.
7. The differential equation with a deviating argument with Property A
Throughout this section, it is assumed that instead of (2.27) the inequality
F(u)(t) ≥ m
i=1
pi (t)
u(δi (t))µi (δi (t)) for t ≥ t0, u ∈ Ht0,τ (7.1)
holds with t0 ∈ R+ sufficiently large. Here we assume that
δi ∈ C(R+; R+), lim
t→+∞ δi (t) = +∞, (7.2)
pi ∈ L loc(R+; R+), µi ∈ C(R+; (0,+∞)), lim inf
t→+∞ µi (t) > 0 (i = 1, . . . ,m). (7.3)
Theorem 7.1. Let F ∈ V (τ ), conditions (1.2), (5.1), (7.1)–(7.3) be fulfilled and for any ℓ ∈ {1, . . . , n− 1} with ℓ+ n
odd and λ ∈ [ℓ− 1, ℓ] +∞
0
tn−ℓ
m
i=1
pi (t)(δi (t))
(ℓ−1)µi (δi (t))dt = +∞, (7.4ℓ)
 +∞
0
tn−ℓ−1
m
i=1
pi (t)(δi (t))
ℓµi (δi (t))dt = +∞ (7.5ℓ)
and
lim sup
ε→0+

lim inf
t→+∞ g
δ
ℓ(t, λ, ε)

> (ℓ− 1)! (n − ℓ− 1)!. (7.6ℓ)
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Then Eq. (1.1) has Property A, where
gδℓ(t, λ, ε) = tℓ−λ+h2ε(λ)
 +∞
t
s−n(s − t)n−ℓ−1(δ∗(s))−hε(λ)
 s
0
(s − ξ)ℓ−1ξn−ℓ
×
m
i=1
pi (ξ)(δi (ξ))
µ∗(δ(ξ),λ,ε)dξ ds, (7.7ℓ)
µ∗ is given by (3.9) and (3.10) and
δ∗(t) = max

max{s, δ1(s), . . . , δm(s)} : 0 ≤ s ≤ t

. (7.8)
Proof. In view of (7.1), inequality (2.27) clearly holds with
τi (t) = δi (t)− 1, σi (t) = δi (t), ri (s, t) = pi (t) e(s − δi (t)), (7.9)
where
e(t) =

0 for t ∈ (−∞, 0),
1 for t ∈ [0,+∞). (7.10)
Therefore, taking into account (1.2) and (7.1)–(7.3), (7.4ℓ)–(7.7ℓ), (7.8)–(7.10), we ascertain that the conditions of
Theorem 5.1 are fulfilled, which proves the validity of the theorem. 
Using Corollaries 5.1–5.3, we can analogously prove Corollaries 7.1–7.4 and 7.6.
Corollary 7.1. Let F ∈ V (τ ), conditions (1.2), (7.1)–(7.3) be fulfilled,
lim sup
t→+∞
δi (t)
t
<∞ (i = 1, . . . ,m) (7.11)
and for any ℓ ∈ {1, . . . , n − 1} with ℓ+ n odd and λ ∈ [ℓ− 1, ℓ] conditions (7.4ℓ), (7.5ℓ) and
lim sup
ε→0+

lim inf
t→∞ g
δ
ℓ1(t, ε, λ)

> (ℓ− 1)! (n − ℓ− 1)! (7.12ℓ)
hold, where
gδℓ1(t, ε, λ) = tℓ−λ+h2ε(λ)
 +∞
t
s−n−hε(λ)(s − t)n−ℓ−1
 s
t∗
(s − ξ)ℓ−1ξn−ℓ
m
i=1

δi (ξ)
µ∗(δi (ξ),λ)dξ ds, (7.13)
µ∗ is defined by (3.9) and (3.10).
Corollary 7.2. Let F ∈ V (τ ), conditions (1.2), (5.1), (3.6), (7.1)–(7.3), (7.4ℓ), (7.5ℓ) and (7.11) be fulfilled and for
any ℓ ∈ {1, . . . , n − 1} with ℓ+ n odd and λ ∈ [ℓ− 1, ℓ] there exist γ > 1 such that
lim inf
ε→0+

lim inf
t→∞ t
ℓ−λ−1−h1ε(λ)
 t
0
sn−ℓ
m
i=1
pi (s)(δi (s))
µ∗(s,λ,ε)ds

> γ
n−1
i=0;i≠ℓ−1
|λ− i |. (7.14ℓ)
Then Eq. (1.1) has Property A, where µ∗ is given by (3.9) and (3.10).
Corollary 7.3. Let F ∈ V (τ ), conditions (1.2), (7.1)–(7.3), (7.4ℓ), (7.5ℓ) and (7.11), be fulfilled and for any
ℓ ∈ {1, . . . , n − 1} with ℓ+ n odd and λ ∈ [ℓ− 1, ℓ] there exist γ > 1 such that
lim inf
ε→0+

lim inf
t→∞
1
t
 t
0
sn−λ−h1ε(λ)
m
i=1
sn−ℓ
m
i=1
pi (s)(δi (s))
µ∗(s,λ,ε)ds

> γ
n−1
i=0
|λ− i |. (7.15ℓ)
Then Eq. (1.1) has Property A, where µ∗ is given by (3.9) and (3.10).
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Corollary 7.4. Let F ∈ V (τ ), condition (1.2) holds andF(u)(t) ≥ m
i=1
pi (t)
u(αi t)1+ dilnαi t for t ≥ t0, u ∈ Ht0,τ , (7.16)
where
pi ∈ L loc(R+; R+), αi ∈ (0,+∞), di ∈ R (i = 1, . . . ,m). (7.17)
Moreover, for any ℓ ∈ {1, . . . , n − 1} with ℓ+ n odd and λ ∈ [ℓ− 1, ℓ] there exist γ > 1 such that
lim inf
ε→0

lim inf
t→∞
1
t
 t
0
sn
m
i=1
pi (s)α
((λ))
i e
λdi ds

> γ
n−1
i=0
|λ− i |. (7.18)
Then Eq. (1.1) has Property A.
Proof. By (7.16)–(7.18), it is obvious that the conditions of Corollary 7.3 hold, which proves the corollary. 
Using arithmetic mean–geometric mean inequality, from Corollary 7.4, we get
Corollary 7.5. Let F ∈ V (τ ), conditions (1.2), (7.16), (7.17) be fulfilled and
lim inf
t→∞
1
t
 t
0
sn
 m
i=0
pi (s)
 1
m
ds >
1
m
max

−
 m
i=0
αi e
αi
− λm
λ(λ− 1) · · · (λ− n + 1) : λ ∈ [0, n − 1]

.
Then Eq. (1.1) has Property A.
Corollary 7.6. Let ci , αi ∈ (0,+∞), di ∈ R (i = 1, . . . ,m). Then the equation
u(n)(t)+
m
i=1
ci
tn
u(αi t)1+ dilnαi t sign u(αi (t)) = 0 (7.19)
has Property A if and only if
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
ciα
λ
i e
λdi
−1‘ : λ ∈ [0, n − 1] < 1.
8. Differential equations with a deviating argument with Property B
Theorem 8.1. Let F ∈ V (τ ), conditions (1.3), (7.1)–(7.3) be fulfilled and for any ℓ ∈ {1, . . . , n} with ℓ + n
even (7.4ℓ), (5.5ℓ), (7.6ℓ) hold. Moreover, if (7.50) holds when n even, then Eq. (1.1) has Property B.
Proof. In view of (7.1), inequality (2.27) holds with the functions µi , τi , σi and ri (i = 1, . . . ,m) defined by (7.9)
and (7.10). Therefore, it is obvious that the conditions of Theorem 6.1 are fulfilled, which proves the validity of the
theorem. 
Taking into account Corollaries 6.1–6.4, we can quite similarly prove Corollaries 8.1–8.3.
Corollary 8.1. Let F ∈ V (τ ), conditions (1.3), (3.6), (5.1), (7.1)–(7.3) and (7.11) be fulfilled and for any ℓ ∈
{1, . . . , n − 2} with ℓ + n even (7.4ℓ), (7.5ℓ) and (7.41) hold when n is even. Then for Eq. (1.1) to have Property B,
it is sufficient that one of the following three conditions (1) (7.12ℓ); (2) (7.14ℓ); (3) (7.15ℓ) hold.
Corollary 8.2. Let F ∈ V (τ ), conditions (1.3), (7.16) and (7.17) be fulfilled and
lim inf
t→∞
1
t
 t
0
sn
 m
i=0
pi (s)
 1
m
ds >
1
m
max

−
 m
i=1
αi e
λdi
− λm
λ(λ− 1) · · · (λ− n + 1) : λ ∈ [0, n − 1]

.
Then Eq. (1.1) has Property B.
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Corollary 8.3. Let ci ∈ (−∞, 0), αi ∈ (0,+∞), di ∈ R (i = 1, . . . ,m). Then Eq. (7.19) has Property B if and only
if
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
|ci |αλi eλdi
−1 : λ ∈ [0, n − 1] < 1.
9. Some auxiliary lemmas for the volterra type differential inequalities
Consider the following differential inequalities:
u(n)(t) sign u(t)+
m
i=1
 σi (t)
τi (t)
|u(s)|µi (s)ds ri (s, t) ≤ 0 for t ≥ t0, (9.1)
and
u(n)(t) sign u(t)−
m
i=1
 σi (t)
τi (t)
|u(s)|µi (s)ds ri (s, t) ≥ 0 for t ≥ t0, (9.2)
where t0 ∈ R+, the functions ri , τi , σi and µi (i = 1, . . . ,m) satisfy condition (2.28). Furthermore, everywhere below
in this section, we assume that one of the following conditions
σi (t) ≤ t, µi (t) ≤ 1 for t ≥ t0 (i = 1, . . . ,m), (9.3)
or
τi (t) ≥ t, µi (t) ≥ 1 for t ≥ t0 (i = 1, . . . ,m) (9.4)
is fulfilled.
Lemma 9.1 ([12]). Let condition (9.3) be fulfilled. Then for the differential inequality (9.1) to have Property A it is
necessary and sufficient that it has no solution of type (2.1n−1).
Lemma 9.2 ([12]). Let conditions (9.4) be fulfilled and +∞
0
tn−1
m
i=1

ri

σi (t), t
− ri τi (t), tdt = +∞, (9.5)
when n is odd. Then for the differential inequality (9.1) to have Property A, it is necessary and sufficient that it has no
solution of type (2.11) when n is even and of type (2.12) and (2.1n−1) when n is odd.
Lemma 9.3 ([13]). Let condition (9.3) be fulfilled and +∞
0
m
i=1
 σi (t)
τi (t)
s(n−1)µi (s)dsri (s, t)dt = +∞. (9.6)
Then for differential inequality (9.2) to have Property B, it is necessary and sufficient that it has no solution satisfying
(2.1n−2) when n is even and of type (2.11) and (2.1n−2) when n is odd.
Lemma 9.4 ([13]). Let conditions (9.4) and (9.5) be fulfilled. Then for differential inequality (9.2) to have Property B,
it is necessary and sufficient that it has no solution satisfying (2.12) when n is even and satisfying (2.11) when n is
odd.
10. Functional differential equations with a volterra type minorant having Property A
Theorem 10.1. Let F ∈ V (τ ), conditions (1.2), (2.27), (2.28), (3.6), (9.3) and (9.6) be fulfilled and (5.1) holds when
n is odd. Then condition (4.1−1) is sufficient for Eq. (1.1) to have Property A.
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Proof. First of all, we note that (9.3) and (9.6) imply the validity of the conditions +∞
0
tn−k−1
m
i=1
 σi (t)
τi (t)
skµi (s)ds ri (s, t)dt = +∞ (k = 0, . . . , n − 1). (10.1k)
Suppose now that Eq. (1.1) does not have Property A. Then by Lemma 2.1, Eq. (1.1) has a nonoscillatory solution
u : [t0,+∞)→ R+ satisfying condition (2.1ℓ), where ℓ ∈ {o, . . . , n − 1} with ℓ+ n odd. If n is odd and ℓ = 0, then
according to (9.70) and (5.1), condition (1.4) is fulfilled. Consequently, since Eq. (1.1) does not have Property A, we
have ℓ ∈ {1, . . . , n − 1} with ℓ + n odd. According to (1.2) and (2.27), for sufficiently large t , u is a proper solution
of type (2.1ℓ) of the differential inequality (9.1). By Lemma 9.1, inequality (9.1) is a solution of type (2.1n−1). On
the other hand, since the conditions of Theorem 4.1 with ℓ = n − 1 are fulfilled, according to Remark 4.1, inequality
(9.1) has no solution of type (2.1n−1). The obtained contradiction proves the validity of the theorem. 
Theorem 10.2. Let F ∈ V (τ ), conditions (1.2), (2.27), (2.28), (3.6), (9.3) and (9.6) be fulfilled and (5.1) holds when
n is odd. Then for Eq. (1.1) to have Property A, it is sufficient that one of the following three conditions (1) (3.22) and
(4.2n−1); (2) (3.22) and (4.3n−1); (3) (3.22) and (4.5n−1) holds.
Proof. The proof is analogous to that of Theorem 10.1 with the use of Corollaries 4.1–4.3. 
Corollary 10.1. Let F ∈ V (τ ), conditions (1.2), (5.2) be fulfilled, where 0 < αi < βi ≤ 1, di ∈ (−∞, 0] and
γi ∈ (−1,+∞) (i = 1, . . . ,m). Then the condition
lim inf
t→∞
1
t
 t
0
s1+n+
γ
m
 m
i=0
pi (s)
 1
m
ds
>
1
m
max

−λ(λ− 1) · · · (λ− n + 1) m
i=0
(1+ γi (λ))
 1
m · e−λd
 m
i=0
(β
1+γi+λ
i − α1+γi+λi )
 1
m
: λ ∈ [n − 2, n − 1]

is sufficient for Eq. (1.1) to have Property A, where d =mi=1 di , γ =mi=1 γi .
Corollary 10.2. Let 0 < αi < βi ≤ 1, ci ∈ (0,+∞), di ∈ (−∞, 0], γi ∈ (−1,+∞] (i = 1, . . . ,m). Then the
condition
max

−λ(λ− 1) · · · (λ− n + 1)

ci e
λdi
β
1+γi+λ
i − α1+γi+λi
1+ λ+ γi
−1
: λ ∈ [n − 2, n − 1]

< 1
is necessary and sufficient for Eq. (5.6) to have Property A.
If we take into account Remark 4.1 and Lemma 9.1, then the validity of Corollaries 10.1 and 10.2 follows from
Corollaries 6.3 and 6.4.
Theorem 10.3. Let F ∈ V (τ ), conditions (1.2), (2.27), (2.28), (3.6), (9.4) and (9.70) be fulfilled and (5.1) holds when
n is odd. Then for Eq. (1.1) to have Property A, it is sufficient that (4.11) holds when n is even and conditions (4.12)
and (4.1n−1) hold when n is odd.
Proof. The proof of Theorem 10.3 is analogous to that of Theorem 10.1, and Lemma 9.1 is used instead of
Lemma 9.2. 
Analogously, we can prove
Theorem 10.4. Let F ∈ V (τ ), conditions (1.2), (2.27), (2.28), (3.6), (9.4) and (9.70) be fulfilled and (5.1) holds when
n is odd. Then for Eq. (1.1) to have Property A, it is sufficient that for even n (for odd n) the conditions (1) (3.22) and
(4.21) ((3.22), (4.22) and (4.2n−1)); (2) (3.22) and (4.32) ((3.22), (4.32) and (4.3n−1)); (3) (3.22) and (4.52) ((3.22),
(4.52) and (4.5n−1)) holds.
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Corollary 10.3. Let F ∈ V (τ ), conditions (1.2), (5.2) be fulfilled, where 1 ≤ αi < β1, di ∈ [0,+∞), γi ∈ (−1,+∞)
(i = 1, . . . ,m). Then for Eq. (1.1) to have Property A, it is sufficient that the condition
lim inf
t→∞
1
t
 t
0
s1+n+
γ
m
 m
i=0
pi (s)
 1
m
ds
>
1
m
max

−λ(λ− 1) · · · (λ− n + 1) m
i=1
(1+ γi + λ)
 1
m · e−λd
 m
i=1
(β
1+γi+λ
i − α1+γi+λi )
 1
m
: λ ∈ [0, 1]

holds when n is even and the condition
lim inf
t→∞
1
t
 t
0
s1+n+
γ
m
 m
i=1
pi (s)
 1
m
ds
>
1
m
max

−λ(λ− 1) · · · (λ− n + 1) m
i=1
(1+ γi (λ))
 1
m · e−λd
 m
i=1
(β
1+γi+λ
i − α1+γi+λi )
 1
m
: λ ∈ [1, 2] ∪ [n − 2, n − 1]

holds when n is odd; here, d =mi=1 di , γ =mi=1 γi .
Corollary 10.4. Let 1 ≤ αi < βi , ci ∈ [0,+∞), di ∈ [0,+∞), γi ∈ (−1,+∞) (i = 1, . . . ,m). Then for Eq. (5.6) to
have Property A, it is necessary and sufficient that
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
ci e
λdi
β
1+γi+λ
i − α1+γi+λi
1+ λ+ γi
−1
: λ ∈ [0, 1]

< 1
when n is even and
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
ci e
λdi
β
1+γi+λ
i − α1+γi+λi
1+ λ+ γi
−1
: λ ∈ [1, 2] ∪ [n − 2, n − 1]

< 1
when n is odd.
If we take into account Remark 4.1 and Lemma 9.2, the validity of Corollaries 10.3 and 10.4 follows from
Corollaries 5.4 and 5.5.
11. Functional differential equations with a volterra type minorant having Property B
Theorem 11.1. Let F ∈ V (τ ), conditions (1.3) and (2.27), (2.28) and (3.6), (9.3) and (9.6) be fulfilled and (5.1) holds
when n is even. Then for Eq. (1.1) to have Property B, it is sufficient that the condition (4.1n−2) holds when n is even
and conditions (4.11) and (4.1n−2) hold when n is odd.
Proof. (9.3) and (9.7n−1) imply the validity of (10.1k) for any k ∈ {0, . . . , n − 1}. Suppose now that Eq. (1.1) does
not have Property B. Then by Lemma 2.1, Eq. (1.1) has a nonoscillatory solution u : [t0,+∞) → R satisfying
condition (2.1ℓ), where ℓ ∈ {0, . . . , n} and ℓ+ n is even. If n is even and ℓ = 0, then according to (10.10), condition
(1.4) holds. If ℓ = n, then according to (9.6), it can be shown that (1.5) holds. Consequently, since Eq. (1.1) does not
have Property B, we have ℓ ∈ {1, . . . , n − 2} and ℓ + n is even. By (1.3) and (2.27), u is a proper solution of type
(2.1ℓ) of the differential inequality (9.2). By Lemma 9.3, inequality (9.2) has a solution of type (2.1n−2), ((2.11) or
(2.1n−1)) when n is even (n is odd). On the other hand, since the conditions of Theorem 4.1 with ℓ = n−2 (ℓ = 1 and
ℓ = n− 2) when n is even (n is odd) are fulfilled, according to Remark 4.1, inequality (9.2) for even n (for odd n) has
no solution of type (2.1n−2) ((2.11) or (2.1n−2)). The obtained contradiction proves the validity of the theorem. 
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Theorem 11.2. Let F ∈ V (τ ), conditions (1.3), (2.27), (2.28), (3.6), (9.3) and (9.6) be fulfilled and (5.1) hold when
n is even. Then for Eq. (1.1) to have Property B, it is sufficient that for even n (for odd n) one of the following
three conditions (1) (3.22) and (4.2n−2) ((3.22), (4.21) and (4.2n−2)); (2) (3.22) and (4.3n−2) ((3.22), (4.31) and
(4.3n−2)); (3) (3.22) and (4.5n−2) ((3.22), (4.51) and (4.5n−2)) hold.
Proof. The proof is analogous to that of Theorem 11.1 with the use of Corollaries 4.1–4.3. 
Corollary 11.1. Let F ∈ V (τ ), conditions (1.3), (5.2) be fulfilled, where 0 < αi < βi ≤ 1, di ∈ [0,+∞),
γi ∈ (−1,+∞) (i = 1, . . . ,m). Then for Eq. (1.1) to have Property B, it is sufficient that the condition
lim inf
t→∞
1
t
 t
0
s1+n+
γ
m
 m
i=1
pi (s)
 1
m
ds
>
1
m
max

λ(λ− 1) · · · (λ− n + 1) m
i=1
(1+ γi + λ)
 1
m · e−λd
 m
i=1
(β
1+γi+λ
i − α1+γi+λi )
 1
m
: λ ∈ [n − 3, n − 2]

holds when n is even and the condition
lim inf
t→∞
1
t
 t
0
s1+n+
γ
m
 m
i=1
pi (s)
 1
m
ds
>
1
m
max

λ(λ− 1) · · · (λ− n + 1) m
i=1
(1+ γi + λ)
 1
m · e−λd
 m
i=1
(β
1+γi+λ
i − α1+γi+λi )
 1
m
: λ ∈ [0, 1] ∪ [n − 3, n − 2]

holds when n is odd, where d =mi=1 di , γ =mi=1 γi .
Corollary 11.2. Let 0 < αi < βi ≤ 1, ci ∈ [−∞, 0), di ∈ [−∞, 0) and γi ∈ (−1,+∞) (i = 1, . . . ,m). Then for
Eq. (5.6) to have Property B, it is necessary and sufficient that
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
|ci |eλdi β
1+γi+λ
i − α1+γi+λi
1+ λ+ γi
−1
: λ ∈ [n − 3, n − 2]

< 1,
when n is even and
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
|ci |eλdi β
1+γi+λ
i − α1+γi+λi
1+ λ+ γi
−1
: λ ∈ [0, 1] ∪ [n − 3, n − 2]

< 1,
when n is odd.
If we take into account Remark 4.1 and Lemma 9.3, the validity of Corollaries 11.3 and 11.2 follows from
Corollaries 6.3 and 6.4.
Theorem 11.3. Let F ∈ V (τ ), conditions (1.3), (2.27), (2.28), (3.6), (3.22), (9.4) and (9.5) be fulfilled and (5.1) hold
when n is even. Then for Eq. (1.1) to have Property B, it is sufficient that condition (4.12) holds when n is even and
condition (4.11) holds when n is odd.
Proof. The proof is analogous to that of Theorem 11.1 and Lemma 9.3 is used instead of Lemma 9.4. 
Theorem 11.4. Let F ∈ V (τ ), conditions (1.3), (2.27), (2.28), (3.6), (9.4) and (9.70) be fulfilled and (5.1) hold when
n is even. Then for Eq. (1.1) to have Property B, it is sufficient that for even n (for odd n) one of the following
three conditions (1) (3.22) and (4.22) ((3.22) and (4.21)); (2) (3.22) and (4.32) ((3.22) and (4.31)); (3) (3.22) and
(4.52) ((3.22) and (4.51)) hold.
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Corollary 11.3. Let F ∈ V (τ ), conditions (1.3), (5.2) be fulfilled, where 1 ≤ αi < βi , di ∈ [0,+∞), γi ∈ R
γi ∈ (−1,+∞) (i = 1, . . . ,m). Then for Eq. (1.1) to have Property B, it is sufficient that
lim inf
t→∞
1
t
 t
0
s1+n+
γ
m
 m
i=1
pi (s)
 1
m
ds
>
1
m
max

λ(λ− 1) · · · (λ− n + 1) m
i=1
(1+ γi + λ)
 1
m · e−λd
 m
i=1
(β
1+γi+λ
i − α1+γi+λi )
 1
m
: λ ∈ [1, 2]

holds when n is even and
lim inf
t→∞
1
t
 t
0
s1+n+
γ
m
 m
i=1
pi (s)
 1
m
ds
>
1
m
max

λ(λ− 1) · · · (λ− n + 1) m
i=1
(1+ γi + λ)
 1
m · e−λd
 m
i=1
(β
1+γi+λ
i − α1+γi+λi )
 1
m
: λ ∈ [0, 1]

when n is odd, where d =mi=1 di , γ =mi=1 γi .
Corollary 11.4. Let 1 ≤ αi < βi ≤ 1, ci ∈ [−∞, 0), di ∈ [0,+∞) and γi ∈ (−1,+∞) (i = 1, . . . ,m). Then for
Eq. (5.6) to have Property B, it is necessary and sufficient that
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
|ci |eλdi β
1+γi+λ
i − α1+γi+λi
1+ λ+ γi
−1
: λ ∈ [1, 2]

< 1
when n is even and
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
|ci |eλdi β
1+γi+λ
i − α1+γi+λi
1+ λ+ γi
−1
: λ ∈ [0, 1]

< 1
when n is odd.
If we take into account Remark 4.1 and Lemma 9.4, the validity of Corollaries 11.3 and 11.4 follows from
Corollaries 6.3 and 6.4.
12. Functional differential equations with a delay argument type minorant
Theorem 12.1. Let F ∈ V (τ ), conditions (1.2), (7.1), (7.2), (7.3), (7.4n−1) and
δi (t) ≤ t, µi (t) ≤ 1 for t ≥ t0 (i = 1, . . . ,m) (12.1)
be fulfilled and (5.1) hold when n is odd. If, moreover, for any λ ∈ [n − 2, n − 1], condition (7.6n−1) is fulfilled, then
Eq. (1.1) has Property A, where ρδn−1 is defined by (7.7n−1).
Proof. By (7.1), it is obvious that inequality (2.27) holds, where the functions τi , σi and ri (i = 1, . . . ,m) are
defined by (7.9) and (7.10). Therefore, according to (1.2), (7.1), (7.2), (7.3), (7.4n−1), (5.1), (12.1) and (7.6n−1),
every conditions of Theorem 10.1 are fulfilled, which proves the validity of the theorem. 
Taking into account Theorem 10.2, the next theorem can be proved similarly.
Theorem 12.2. Let F ∈ V (τ ), conditions (1.2), (7.1), (7.2), (7.3), (7.4n−1) and (12.1) be fulfilled and (5.1) hold when
n odd. Then for Eq. (1.1) to have Property B, it is sufficient that one of the following three conditions (1) (7.131);
(2) (7.151); (3) (7.161) holds.
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Corollary 12.1. Let F ∈ V (τ ), conditions (1.2), (7.10), (7.17) hold and 0 < αi ≤ 1, di ∈ (−∞, 0] (i = 1, . . . ,m)
be fulfilled and
lim inf
t→∞
1
t
 t
0
sn
 m
i=1
pi (s)
 1
m
ds >
1
m
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
αi e
di
−λ
m : λ ∈ [n − 2, n − 1]

.
Then Eq. (1.1) has Property A.
Corollary 12.2. Let 0 < αi ≤ 1, ci ∈ (0,+∞), di ∈ (−∞, 0] and γi ∈ (−1,+∞) (i = 1, . . . ,m). Then for
Eq. (7.19) to have Property A, it is necessary and sufficient that
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
ciα
λ
i e
λdi
−1
λ ∈ [n − 2, n − 1]

< 1.
If we take into account Remark 4.1 and Lemma 9.1, the validity of Corollaries 12.1 and 12.2 follows from
Corollaries 5.4 and 5.5.
Theorem 12.3. Let F ∈ V (τ ), conditions (1.3), (7.1), (7.2), (7.3), (7.4n−1) and (12.1) be fulfilled and (5.1) holds
when n is even. If, moreover, when n is even (n is odd), for any λ ∈ [n − 2, n − 1], condition (7.6n−2) (for any
λ ∈ [0, 1], condition (7.61) and for any λ ∈ [n − 3, n − 2], condition (7.6n−2)) hold, then Eq. (1.1) has Property B.
Proof. By (7.1), inequality (2.27) holds, where the functions τi , σi and ri (i = 1, . . . ,m) are defined by (7.10), (7.11).
Therefore, according to (1.3), (7.1), (7.2), (7.3), (7.4n−1), (12.1) and (7.6n−2) ((7.61) and (7.6n−2)), for even n (for
odd n), all conditions of Theorem 11.1 are fulfilled, which proves the validity of the theorem. 
Taking into account Theorem 11.2, the next theorem can be proved similarly.
Theorem 12.4. Let F ∈ V (τ ), conditions (1.3), (7.1), (7.2), (7.3), (7.4n−1) and (12.1) be fulfilled and (5.1) hold when
n is even. Then for Eq. (1.1) to have Property B, it is sufficient that for even n (for odd n) one of the following three
conditions (1) (7.13n−2) ((7.131) and (7.13n−2)); (2) (7.15n−2) ((7.151) and (7.15n−2)); (3) (7.16n−2) ((7.161) and
(7.16n−2)) hold.
Corollary 12.3. Let F ∈ V (τ ), conditions (1.3), (7.16), (7.17) hold and 0 < αi ≤ 1, di ∈ (−∞, 0] (i = 1, . . . ,m)
be fulfilled and
lim inf
t→∞
1
t
 t
0
sn
 m
i=1
pi (s)
 1
m
ds >
1
m
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
αi e
di
− λm : λ ∈ [n − 3, n − 2],
for even n and
lim inf
t→∞
1
t
 t
0
sn
 m
i=1
pi (s)
 1
m
ds
>
1
m
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
αi e
di
− 1m : λ ∈ [0, 1] ∪ [n − 3, n − 2]
for odd n. Then Eq. (1.1) has Property B.
Corollary 12.4. Let 0 < αi ≤ 1, ci ∈ [−∞, 0), di ∈ [−∞, 0] (i = 1, . . . ,m). Then Eq. (7.19) has Property B if and
only if
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
|ci |αλi eλdi
−1 : λ ∈ [n − 3, n − 2] < 1,
when n is even and
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
|ci |αλi eλdi
−1 : λ ∈ [0, 1] ∪ [n − 3, n − 2] < 1,
when n is odd.
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If we take into account Remark 4.1 and Lemma 9.3, the validity of Corollaries 13.3 and 12.4 follows from
Corollaries 8.2 and 8.3.
13. Functional differential equations with an advanced argument type minorant
Theorem 13.1. Let F ∈ V (τ ), conditions (1.2), (7.1), (7.2), (7.3), (7.41) and
δi (t) ≥ t, µi (t) ≥ 1 for t ≥ t0 (i = 1, . . . ,m) (13.1)
be fulfilled and for even n (5.1) hold. Then for Eq. (1.1) to have Property A, it is sufficient that for even n (for odd n)
for any λ ∈ [0, 1] (for any λ ∈ [1, 2] and λ ∈ [n − 2, n − 12]), conditions (7.61) (conditions (7.62) and (7.6n−1))
hold.
Proof. By (7.1), it is obvious that inequality (2.26) holds, where
τi (t) = δi (t), and σi (t) = δi (t)+ 1, ri (s, t) = pi (t) e(s − δi (t)) (i = 1, . . . ,m) (13.2)
where the function e is defined by (7.11). Therefore, according to (1.2), (7.1), (7.2), (7.3), (7.41), (13.1), (13.2)
and (7.61) ((7.62) and (7.6n−1)), every conditions of Theorem 10.3 are fulfilled, which proves the validity of the
theorem. 
Taking into account Theorem 10.4, the next theorem can be proved similarly.
Theorem 13.2. Let F ∈ V (τ ), conditions (1.2), (7.1), (7.2), (7.3), (7.41) and (13.1) be fulfilled and (5.1) hold when
n is odd. Then for Eq. (1.1) to have Property A, it is sufficient that for even n (for odd n), one of the following
three conditions (1) (3.22) and (7.131) ((3.22), (7.132) and (7.13n−1)); (2) (3.22) and (7.151) ((3.22), (7.152) and
(7.15n−1)); (3) (3.22) and (7.161) ((3.22), (7.162) and (7.16n−1)) hold.
Corollary 13.1. Let F ∈ V (τ ), conditions (1.2), (7.17), (7.18) and αi ≥ 1, di ∈ [0,+∞) (i = 1, . . . ,m) be fulfilled
and
lim inf
t→∞
1
t
 t
1
sn
 m
i=1
pi (s)
 1
m
ds >
1
m
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
αi e
λdi
− λm : λ ∈ [0, 1],
for even n and
lim inf
t→∞
1
t
 t
1
sn
 m
i=1
pi (s)
 1
m
ds
>
1
m
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
αi e
λdi
− λm : λ ∈ [1, 2] ∪ [n − 2, n − 1],
for odd n. Then Eq. (1.1) has Property A.
Corollary 13.2. Let αi ≥ 1, ci ∈ [0,+∞), di ∈ [0,+∞) (i = 1, . . . ,m). Then Eq. (7.19) has Property A if and only
if
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
ciα
λ
i e
λdi
−1 : λ ∈ [0, 1] < 1,
when n is even and
max

−λ(λ− 1) · · · (λ− n + 1)
 m
i=1
ciα
λ
i e
λdi
−1 : λ ∈ [1, 2] ∪ [n − 2, n − 1] < 1,
when n is odd.
Theorem 13.3. Let F ∈ V (τ ), conditions (1.3), (7.1), (7.2), (7.3), (7.41) and (13.1) be fulfilled and (5.1) hold when
n is even. Then for Eq. (1.1) to have Property B, it is sufficient that the condition (7.62) holds for any λ ∈ [1, 2], when
n is even, and the condition (7.61) holds for any λ ∈ [0, 1], when n is odd.
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Proof. According to (7.1), it is obvious that inequality (2.26) holds, where τi , σi and ri (i = 1, . . . ,m) are defined
by (13.2). Therefore, according to (1.3), (13.1), (7.1), (7.2), (7.3), (7.41), (7.62) and (7.61), every conditions of
Theorem 10.4 are fulfilled, which proves the validity of the theorem. 
According to Theorem 11.4, the next theorem can be proved similarly.
Theorem 13.4. Let F ∈ V (τ ), conditions (1.3), (7.1), (7.2), (7.3), (7.41) and (13.1) be fulfilled and (5.1) hold when
n is even. Then for Eq. (1.1) to have Property B, it is sufficient that for even n (for odd n) and for any λ ∈ [1, 2]
(for any λ ∈ [0, 1]), one of the following three conditions (1) (3.21) and (7.132) ((3.21) and (7.131)); (2) (3.21) and
(7.152) ((3.21) and (7.151)); (3) (3.21) and (7.162) ((3.21) and (7.161)) hold.
Corollary 13.3. Let F ∈ V (τ ), conditions (1.3), (7.17), (7.18) hold and αi ≥ 1, di ∈ [0,+∞) (i = 1, . . . ,m) be
fulfilled and
lim inf
t→∞
1
t
 t
0
sn
 m
i=1
pi (s)
 1
m
ds >
1
m
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
αi e
λdi
− λm : λ ∈ [1, 2],
when n is even and
lim inf
t→∞
1
t
 t
0
sn
 m
i=1
pi (s)
 1
m
ds >
1
m
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
αi e
λdi
− λm : λ ∈ [0, 1],
when n is odd. Then Eq. (1.1) has Property B.
Corollary 13.4. Let αi ≥ 1, ci ∈ [−∞, 0), di ∈ [0,+∞) (i = 1, . . . ,m). Then Eq. (7.19) has Property B if and only
if
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
ciα
λ
i e
λdi
−1 : λ ∈ [1, 2] < 1,
when n is even and
max

λ(λ− 1) · · · (λ− n + 1)
 m
i=1
ciα
λ
i e
λdi
−1 : λ ∈ [0, 1] < 1,
when n is odd.
14. Ordinary differential equations with Property A (Property B)
Here we give the sufficient conditions for the equation
u(n)(t)+ p(t) u(t)1+ dln t sign u(t) = 0, t ≥ a > 1 (14.1)
to have Property A (Property B), where p ∈ L loc(R+; R) and d ∈ R.
The results of this section are the consequences of the previous ones, but we present them because in this case the
conditions have a quite simple form.
Theorem 14.1. Let p ∈ L loc(R+; R+) and
lim inf
t→∞
1
t
 t
0
sn p(s)ds > max

−λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [0, n − 1]

.
Then Eq. (14.1) has Property A.
Theorem 14.2. Let p ∈ L loc(R+; R+), d ∈ (−∞, 0] and
lim inf
t→∞
1
t
 t
0
sn p(s)ds > max

−λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [n − 2, n − 1]

.
Then Eq. (14.1) has Property A.
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Remark 14.1. For d = 0, the above theorem results in Koplatadze’s theorem [8] which is an integral generalization
of Kondratev’s result [2].
Theorem 14.3. Let p ∈ L loc(R+; R+), d ∈ [0,+∞) and
lim inf
t→∞
1
t
 t
0
sn p(s)ds > max

−λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [0, 1]

,
when n is even and
lim inf
t→∞
1
t
 t
0
sn p(s)ds > max

−λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [1, 2] ∪ [n − 2, n − 1]

,
when n is odd. Then Eq. (14.1) has Property A.
Theorem 14.4. Let p ∈ L loc(R+; R−) and
lim inf
t→∞
1
t
 t
0
sn|p(s)|ds > max

λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [0, n − 1]

.
Then Eq. (14.1) has Property B.
Remark 14.2. For d = 0, the above theorem results in Koplatadze’s theorem [9].
Theorem 14.5. Let p ∈ L loc(R+; R−), d ∈ (−∞, 0] and
lim inf
t→∞
1
t
 t
0
sn|p(s)|ds > max

λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [n − 3, n − 2]

,
when n is even and
lim inf
t→∞
1
t
 t
0
sn|p(s)|ds > max

λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [0, 1] ∪ [n − 3, n − 2]

,
when n is odd. Then Eq. (14.1) has Property B.
Theorem 14.6. Let p ∈ L loc(R+; R−), d ∈ (0,+∞) and
lim inf
t→∞
1
t
 t
0
sn|p(s)|ds > max

λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [1, 2]

,
when n is even and
lim inf
t→∞
1
t
 t
0
sn|p(s)|ds > max

λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [0, 1]

,
when n is odd. Then Eq. (14.1) has Property B.
Theorem 14.7. Let c ∈ (0,+∞), (c ∈ (−∞, 0)), d ∈ R. Then for the equation
u(n)(t)+ c
tn
u(t)1+ dln t sign u(t) = 0, t ≥ a > 1
to have Property A (B), it is necessary and sufficient that
c > max

−λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [0, n − 1]


|c| > max

λ(λ− 1) · · · (λ− n + 1)e−λd : λ ∈ [0, n − 1]

.
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Remark 14.3. To show the difference and similarity between linear and almost linear differential equations we will
consider a simple example. Consider the equation
u(n)(t)+ Mn
tn
u(t) = 0

u(n)(t)− M
∗
n
tn
u(t) = 0

t ≥ a > 1, (14.2)
where
Mm = max

−λ(λ− 1) · · · (λ− n + 1) : λ ∈ [0, n − 1]

,
M∗m = max

λ(λ− 1) · · · (λ− n + 1) : λ ∈ [0, n − 1]

.
It is obvious that Eq. (14.2) does not have Property A (Property B), but for any d > 0, the equation
u(n)(t)+ Mn
tn
u(t)1+ dln t sign u(t) = 0 u(n)(t)− M∗n
tn
u(t)1+ dln t sign u(t) = 0 t ≥ a > 1
has Property A (Property B).
On the other hand, for any d > 0, there exists ε = ε(d) > 0 such that the equation
u(n)(t)+ Mn + ε
tn
u(t) = 0

u(n)(t)− M
∗
n + ε
tn
u(t) = 0

t ≥ a > 1
has Property A (Property B) and the equation
u(n)(t)+ Mn
tn
u(t)1− dln t sign u(t) = 0 u(n)(t)− M∗n
tn
u(t)1− dln t sign u(t) = 0 t ≥ a > 1
does not have Property A (Property B).
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